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Equilibrium configuration of self-gravitating charged dust clouds: Particle approach
Manish K. Shukla∗ and K. Avinash
Department of Physics and Astrophysics, University of Delhi, Delhi, 110007, India
A three dimensional Molecular Dynamics (MD) simulation is carried out to explore the equilibrium
configurations of charged dust particles. These equilibrium configuration are of astrophysical signif-
icance for the conditions of molecular clouds and the interstellar medium. The interaction among
the dust grains is modeled by Yukawa repulsion and gravitational attraction. The spherically sym-
metric equilibria are constructed which are characterized characterized by three parameters: (i) the
number of particles in the cloud, (ii) Γg (defined in the text) where Γ
−1
g is the short range cutoff of
the interparticle potential, and (iii) the temperature of the grains. The effects of these parameters
on dust cloud are investigated using radial density profile. The problem of equilibrium is also for-
mulated in the mean field limit where total dust pressure which is the sum of kinetic pressure and
electrostatic pressure, balances the self-gravity. The mean field solutions agree well with the results
of MD simulations. Astrophysical significance of the results is briefly discussed.
I. INTRODUCTION
Dust is one of the main constituents of the uni-
verse and plays a central role in the formation of stars
and planets[1–3]. A variety of astrophysical systems
such as interstellar clouds, solar system, planetary rings,
cometary tails, Earth’s environment etc. contain micron
to sub-micron sized dust particles in different amounts
[4]. However, in the presence of ambient plasma and ra-
diative environments, these particles are acted upon by
the electron-ion currents, photons and energetic parti-
cles. As a result, the dust grains acquire a non-negligible
electric charge (which is usually negative) and start inter-
acting with each other, as well as with ions and electrons
via long-range electric fields giving rise to collective be-
havior. This leads to the formation of special medium
called the “dusty plasma”.
The macroscopic particles in dusty plasmas interact
not only via electric field but also via gravitation field
which is also a long ranged force. Which of the forces
dominates, is determined by the ratio of average grav-
itational potential energy to average electrostatic (ES)
potential energy. If md, Qd be the mass, charge of
a dust grain and nd be the number density then the
gravitational potential ψ is given by Poisson’s Equation,
∇2ψ = 4πGmdnd which scales as ψ ≈ 4πGmdndL2,
therefore, average gravitational energy of a dust grain
may be given asmdψ ≈ 4πGm2dndL2, where G is the uni-
versal gravitational constant and L is the typical length
scale over which dust is distributed. Similarly, the ES
potential φ for dust is given as ∇2φ = −Qdnd/ǫ0, thus,
φ scales as φ ≈ −QdndL2/ǫ0 and average ES poten-
tial energy scales as Qdφ ≈ Q2dndL2/ǫ0 and the ratio
of two energies comes out to Gm2d/(Q
2
d/4πǫ0). For typi-
cal plasmas of size of order of microns and charge of the
order of 103 e, the ratio comes out to be ≈ O(10−17).
However, in dusty plasmas, the electric field is screened
substantially by the presence of the background elec-
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trons and ions. The estimate of ES potential, in such
case, should be made using the quasi-neutrality condi-
tion Qdnd = e(ni − ne). Taking the electron and ion
response as Boltzmannian i.e. nα = n0 exp(qαφ/kBTα)
where α =(electron, ion), Tα is the temperature of spices
α and n0 is the mean plasma density in the region where
φ = 0, the ES energy scales as Qdφ ≈ Q2dndλ2D/ǫ0,
where λD =
(
e2n0(Te + Ti)/ǫ0kBTeTi
)−1/2
is the Debye
screening length. Therefore, the ratio of gravitational en-
ergy to electrostatic energy in the presence of background
plasma becomes Gm2dL
2/(Q2dλ
2
D/4πǫ0). Since, the typ-
ical length scale of dust cloud, L ≫ λD therefore, the
ratio Gm2dL
2/(Q2dλ
2
D/4πǫ0) could be ≈ O(1). Therefore,
for the micron sized particles the forces due to screened
ES fields and gravitational force are comparable on suf-
ficiently long length scales L which may be found in the
astrophysical scenarios.
The Jeans instability[5] is the most fundamental insta-
bility in the self-gravitating systems which plays a crucial
role in the formation of structures in the universe. Phys-
ically, whenever there is an imbalance between the self-
gravitating force and the internal pressure of a gas, the
Jeans instability appears. The threshold for the Jeans
instability in self-gravitating neutral fluid is set by the
hydrostatic pressure of the fluid[6]. In case of dusty plas-
mas, the neutral mass density is replaced by the dust
mass density and the neutral gas pressure is replaced by
the sum of electron and ion pressure.
Therefore, the threshold for Jeans instability is set by
the dust acoustic waves[7] instead of the usual sound
waves[8–13]. Jeans instability in quantum dusty plasmas
is studied by a number of authors [14–17] and the effect of
physical processes like magnetic field, radiative cooling,
polarization, electron-ion recombination and dust charge
fluctuations etc. on Jeans frequency is reported in Refs.
[18–20]. One major problem encountered frequently in
dealing with the self-gravitating matter is the formation
of legitimate equilibrium. On the astrophysical scales,
the dust kinetic pressure is too weak to balance the self-
gravity which suggests that the dust clouds are gravita-
tionally unstable.
2Recently, Avinash and Shukla have shown a new way
of forming stable dust structures by balancing the force
due to self-gravity of the dust[21, 22]. In the case
of dusty plasmas, the equilibrium configuration of dust
cloud (embedded in a background plasmas) can be con-
structed by balancing the the forces due to screened ES
field and gravitational forces which as pointed out ear-
lier, are comparable on sufficiently longer length scales.
The electrostatic repulsion among dust grains is equiv-
alent to an “electrostatic pressure”[23]. If dust gains
are distributed inhomogeneously within the plasma back-
ground, the electrostatic pressure, like the kinetic pres-
sure, expels the dust from the regions of high dust density
to the regions of low dust density. Avinash and Shukla
have also shown the existence of a mass limit for the to-
tal mass supported by ES pressure against gravity [21].
At low dust density the ES pressure PES scales quadrat-
ically with number density nd (PES ∝ nγd , γ = 2). At
very high dust densities ES pressure becomes indepen-
dent of number density due to charge reduction caused
by mutual screening of the grains[24, 25] and as a con-
sequence γ → 0. This change of γ from two to zero im-
plies that with increasing dust density, PES is not able to
cope with the gravitation resulting an upper mass limit
(MAS). The physics of this mass limit is very similar to
Chandrasekhar’s mass limit for white dwarfs where adia-
batic index for hydrostatic pressure changes from 5/3 to
4/3 due to relativistic effects. If the mass of dust cloud
exceeds this upper mass (M > MAS) the ES pressure
is not strong enough to balance the gravity and the sys-
tem will undergo symmetric collapse under self-gravity
[21, 22, 26]. Using the energy principle, the stability of
these charge clouds is formulated and it is established
that collapse responsible for M > MAS is due to stabil-
ity of radial eigen mode [27, 28].
We, in this communication, revisit the equilibrium
problem using molecular dynamics (MD) simulations.
The particles are subject to Yukawa repulsion as well as
gravitation attraction force. At the equilibrium of these
forces, a spherically symmetric cloud is formed. We also
probe the dust density distribution of these clouds using
radial density profile. The dependence of the equilibrium
structure on the number of particles Nd, dimensionless
parameters Γg and temperature of the grains is exam-
ined using radial density profile. Unlike the previous
models [21, 22, 27, 29] which are based on fluid descrip-
tion, our approach is based on particle description. One
can go from particle description to fluid description via
proper ensemble averaging, a process commonly known
as “coarse graining”. We have, therefore, also formu-
lated the problem of equilibrium in the mean field limit
in terms of force balance coupled with equation of state.
The mean field solution are are compared with the MD
results and the the two solutions are found to agree well
with each other.
The equilibrium structures are of considerable interest
because of their astrophysically relevant length and mass
scales. It is well known that the dust particles of mi-
cron and sub-micron size are an important component of
interstellar clouds[30]. This dust, which is typically sili-
cate or polycyclic aromatic hydrocarbon, is the dominant
cause of opacity and reddening of the spectral energy
distribution of radiation from distant stars[31, 32]. The
HI and HII regions are the part of interstellar molecu-
lar clouds where hydrogen is found to exist in abundance
along with other gases like He, CO and the dust grains.
In the HI region, which are relatively cooler with temper-
ature ∼ 100 K, hydrogen is found in the neutral state.
The HII regions which are spread over the size ranging
from 0.01 pc to 10 pc (1 pc = 3.08×1016 m), are the part
of molecular clouds where star formation has recently
taken place. The HII regions are relatively hotter with
temperature ranging from 5000− 10000 K and hydrogen
is found in the ionized state in this region. The ionization
takes place mainly due to the UV radiation of the nearby
stats. In this conducting medium the macroscopic dust
grains pick the negative charge from the medium− typi-
cally due to the attachment of negative electrons on the
dust surface. The charge on the dust surface depends on
the plasma conditions and its magnitude is about 102-
− 104 e , where e is the electronic charge. The typical
mass of a micron sized dust is about 1010−1013 times the
mass of proton. The high resolution data from Herschel
space observatory[33] suggest that the dust is very cold in
the HII region and the typical range of dust temperature
varies from ∼ 12− 40 K.
In this scenario, the interstellar dust first undergo grav-
itational instability. This instability saturates when the
electrostatic pressure becomes equal to the gravitation
force density which results in formation of a tenuous
dust clouds which are stable. In the later section of
this paper, we will show that for the physical param-
eter of HII region, the equilibrium structure formed in
this process have approximately same order of size as the
size of clumps of clouds observed[34, 35] in the interstel-
lar medium. The density profile explored in this paper
not only gives the important information about the mat-
ter and charge distributions inside the clouds but may
also provide an important insight about optical thickness
of the small scale structures observed in the interstellar
medium.
The paper is organized in the following manner. In
Sec. II the details of the model used and the assump-
tions made in the model are described briefly. In Sec.
III, we describe the details of the interaction potential,
normalization used and the methodology used for MD
simulations. The simulation results are given in Sec. IV.
The mean field solutions are derived in Sec. V and val-
idation of simulation results with mean field solution is
provided in Sec. VI. The summary of the work is given
in Sec. VII where we have also have discussed the astro-
physical significance of the present.
3II. MODEL
Our model consist of a finite sized dust particles em-
bedded in a much larger background of warm hydrogen
plasma consisting of electrons and protons. Such a sit-
uation could occur in the HII region, where dust clouds
have been observed[36] in the background of hydrogen
plasma.
In the interstellar medium dust grains exhibit a vary-
ing range of size, mass and charge. However, we make
a simplifying assumption that all the dust grains have
same size and therefore, equal mass. The electron and
ion are much lighter than dust grains i.e. md ≫ mi, me
and plasma temperature Te ≈ Ti = T ≫ Td. The charge
on the dust particle, unlike the intrinsic charge on elec-
tron and ions, depends on the local plasma environment.
The important mechanism which are responsible for the
charging of the dust grains in the interstellar medium are
the thermal flux of electrons and ions and the flux of the
photo-electrons [37, 38]. The estimate of the dust charge
in such case, can be made using orbital motion limited
theory [39]. We, in our model, assume that the charge
on all the dust particle due to various physical processes
is equal with constant magnitude Qd. It should be noted
here that the dust size plays an important role in deter-
mining dust mass and dust charge. If rd is the radius the
dust particle then the dust mass md ∝ r3d whereas dust
charge Qd ∝ rd. However, in our simulation once we as-
sign the mass and charge of the dust particles then size
has no direct role to play in the equilibrium formation.
Therefore, in our simulation, we can safely consider the
dust particle as point particle with mass md and charge
Qd.
In our model, we assume that only the massive dust
particles are affected by the gravity and their response in
MD simulation is taken into account by using Newton’s
law of gravitation. The background plasma is considered
to be unaffected by the gravity. This situation is likely to
occur in the HII region where Te = Ti = T ≈ 5000 K and
plasma density, n0 ≈ 107 m−3. For these parameters, the
gravitational potential energy of plasma is less than their
thermal energy i.e., GMcmi/Rc ≪ kBT (where mi is the
ion mass,Mc and Rc are respectively the mass and radius
of the dust cloud). Therefore, the gravitational collapse
of the plasma background may be neglected and we may
consider a thermalized, static plasma background gov-
erned by the Boltzmann relation for electrons and ions,
i.e., ne = n0 exp(eφ/kBT ), ni = n0 exp( − eφ/kBT ).
Here φ is the local plasma potential and φ = 0 at
infinity where dust density is zero i.e., nd = 0 and
ne = ni = n0. This is a reasonable assumption for the
interstellar clouds[37, 38]. The electrostatic interaction
among dust grains embedded in the background of statis-
tically averaged neutralizing plasma background is given
by the screened Coulomb (or Yukawa) potential.
In the presence of self-gravity, the dust-dust interaction
becomes,
Φ(r) =
Q2d
4πǫ0
e−r/λD
r
− Gm
2
d
r
, (1)
which is the sum of Yukawa and gravitational potential
energy. Here, r is the distance between two dust particles
and λD is the screening length defined earlier. It is well
known that thermodynamics of gravitating systems has
problems due to absence of short range and long ranged
cutoffs in the inter-particle potential. However, in self
gravitating dusty plasmas the short range cutoff is natu-
rally provided by the electrostatic repulsion and the long
range cutoff is defined by the typical length scale of dust
dispersion. Hence, thermal equilibria of self gravitating
dusty plasma exist at all temperatures.
III. SIMULATION DETAILS
A. Equations and Units
The Hamiltonian of the system is given by;
H =
Nd∑
i=1
p2i
2md
+
1
2
Nd∑
i=1
Nd∑
j,j 6=i
Φ(rij) (2)
where rij = |~ri − ~rj | and pi = |~pi|. We have assumed
that all grains have equal charge Qd and mass md. The
equation of motion are given by
d~ri
dt
=
~pi
md
,
d~pi
dt
= −~∇ri

Nd∑
i=1
Nd∑
j>i
Φ(rij)

 , (3)
All the lengths are normalized by the background De-
bye length λD and time is measured in units of ω
−1
0
where ω0 =
(
Q2d/4πǫ0mdλ
3
D
)1/2
. Hence, r → r˜λD and
t → t˜ω−1
0
, where r˜ and t˜ are dimensionless length and
time respectively. Therefore, dimensionless equation of
motion is
d~˜ri
dt˜
= ~˜vi ,
d~˜vi
dt˜
=
~˜
fi (4)
where
~˜
fi =
Nd∑
j,j 6=i
(
(1 + r˜ij)
e−r˜ij
r˜3ij
− (4πǫ0Gm
2
d/Q
2
d)
r˜3ij
)
~˜rij , (5)
Temperature (kBT ) and energy is measured in units
of Q2d/4πǫ0λD i.e. E˜ = E/(
Q2d
4πǫ0λD
) and T˜d =
kBTd/(
Q2d
4πǫ0λD
). The dimensionless kinetic and potential
energy per particles can be written as
E˜K =
1
2Nd
Nd∑
i=1
v˜2i , (6)
E˜Pot =
1
2Nd
Nd∑
i
Nd∑
j,j 6=i
(e−r˜ij − Γg)
r˜ij
, (7)
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FIG. 1. Different states of self-gravitating Yukawa particles is shown for Nd = 2000. At the initial state particles are uniformly
distributed in a cubical box with number density n˜d = 0.001 as shown in Fig.1(a) and corresponding radial density distribution
is shown in Fig.1(b). Fig.1(c) refers to the equilibrium structure of the system where dust temperature T˜d = 1.5 and the
corresponding density profile is shown in Fig.1(d). At lower temperature T˜d = 0.5 the equilibrium structure acquires the shape
of sphere with a very dense core as shown in Fig.1(e). The averaged radial density of such dust cloud is shown in Fig.1(f).
5where Γg is a dimensionless parameter defined as,
Γg =
Gm2d
(Q2d/4πǫ0)
. (8)
In our simulations Γ−1g defines the short range cutoff in
inter-particle potential. In addition to this, Γg also con-
tains important information of various parameters of in-
terest. As Γg is directly proportional tom
2
d/Q
2
d, the effect
of the dust mass, dust charge and dust size (Γg ∝ r4d) can
directly be seen from Γg.
Temperature is given by the mean kinetic energy per
particle, which, in dimensionless units in 3D, turns out
to be
T˜d =
1
3Nd
Nd∑
i=1
v˜2i =
2
3
EK .
Normalized number density is given as,
n˜d = ndλ
3
D.
Dusty plasma equilibrium is defined in terms of two di-
mensionless parameters: κ = a/λD and Γ = Q
2
d/4πǫ0aTd
where a is the mean inter-particle distance given by a =
(3/4πnd)
1/3
. The coupling parameter Γ∗ = Γexp(−κ)
which is the ratio of the mean inter-particle potential en-
ergy to the mean kinetic energy, is used as a measure of
coupling strength in dusty plasmas. For Γ∗ ≪ 1, Yukawa
system behaves like an ideal gas, Γ∗ ∼ 1 corresponds to
an interacting fluid whereas Γ∗ ≫ 1 refers to a condensed
solid state. The dimensional parameters κ and Γ can be
related to normalized dust density and temperature as;
κ =
(
3
4πn˜d
)1/3
, Γ =
1
κ T˜d
. (9)
Instead of choosing (Γ, κ) space to work in, we prefer to
work in (n˜d, T˜d) space, however, one can switch from one
space to other space using the relations given in Eq.(9).
B. Methodology
All the simulation are performed using a large scale
OpenMP parallel Three Dimensional Molecular Dynam-
ics (3DMD) code developed by authors. The further de-
tails regarding the units, equations and methodology are
given in the following Secs. III A-III B.
Simulation begins with an initial condition where Nd
number of particles are distributed randomly over a vol-
ume such that the initial number density is n˜d = 10
−3.
The equation of motion, given in Eq.(4), is integrated
taking time step of size 0.01 ω−1
0
. This step size is ap-
propriate for the conservation of total energy (i.e. sum
of kinetic and potential energy). The system is kept in
contact with a heat bath using Berendsen thermostat for
the fist 2 × 105 steps which bring the system at desired
temperature after which the system is isolated and it re-
mains isolated for another 2 × 105 steps. For those runs
where the temperature T˜d ≥ 1.0, the step size is halved
and the total number of steps is doubled to achieve nu-
merical accuracy. All the observations are taken during
the micro-canonical run when the system is isolated. As
the system evolves, depending upon Γg, Nd and T˜d, dif-
ferent equilibrium structures are obtained as shown in
Fig.(1). To get the information about the interior of the
equilibrium structure we plot spherically symmetric ra-
dial density distribution n˜d(r). While plotting the n˜d as
a function of r˜, the radial distance is measured from the
center of mass of the cloud. The final radial distribution
is the ensemble average of hundreds of individual copies
of n˜d(r˜) taken at different time intervals.
In the next section we discuss the results of our simu-
lations.
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FIG. 2. The effect of number of particles on the radial density
is shown for the fixed value of Γg = 0.08 and T˜d = 0.10.
The symbols represent the data points from MD simulation
whereas the curves represent the best fit of the corresponding
data using trial function of the form given in right hand side
of Eq.(21). It can be seen from the plot that the radius of
dust cloud is almost independent of Nd and any increases in
the number of particle only increases the density of the core.
IV. SIMULATION RESULTS
The size of the cloud critically depends on three pa-
rameters, Nd, Γg and T˜d. Following these observations,
the simulation results may broadly be divided into three
parts accordingly; one, comprising the effect of Nd on
n˜d(r˜) keeping Γg and T˜d fixed, second, the effect of Γg
on n˜d for fixed Nd and T˜d and third, the effect of T˜d on
n˜d(r˜) keeping Γg and Nd fixed.
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FIG. 3. Effect of Γg on the radial density profile: Radial
density profile n˜d is plotted against the radial distance r˜ for
different values of Γg for the fixed Nd = 4000 and Td = 0.10.
The symbols represent the density profile obtained from the
MD simulation whereas the solid lines correspond to the mean
field solution of n˜d(r˜) obtained from Eq.(17). It is clear from
the results that the radius of the cloud R˜ decreases whereas
the core density n˜d0 increases with Γg.
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FIG. 4. Effect of dust temperature on radial number density
is shown for Γg = 0.15 and Nd = 2000 for T˜d = 0.1 and
T˜d = 1.0. Symbols represent data points from the simulation
whereas curves refer to the mean field solutions.
A. Effect of Nd on density profile
To examine the effect of Nd of n˜d(r˜), we fix Γg = 0.08
and T˜d = 0.10. The equilibrium radial density profile
of dust cloud for different Nd is shown by symbols in
Fig.(2). It can be seen that as we increase the number
of particles Nd the central density (i.e. the density at
r˜ = 0) increases whereas the radius of the cloud R˜ (value
of r˜ at which n˜d = 0 ) is almost fixed. In other words, the
dust cloud becomes denser with increase in the number
of particle while size of the cloud is almost independent
of the number of particles.
B. Effect of Γg on density profile
The effect of Γg on radial number density n˜d(r˜) for
fixed number of particles Nd = 4000 and constant tem-
perature Td = 0.10 is shown in Fig.(3) where symbols
represent the simulation data points and curves corre-
spond to the mean field solution discussed in next sec-
tion. It is clear from the Fig.(3), that the radial density,
n˜d(r˜), radius of the cloud, R˜ and central density, n˜d0,
depend on Γg.
C. Effect of dust temperature on density profile
Effect of dust temperature on the radial density pro-
file for Nd = 2000 and Γg = 0.15 is shown in Fig.(4).
The equilibrium number density is plotted against radial
distance for T˜d = 0.1 and T˜d = 1.0. It is seen that the
central density of cloud decreases while radius increases
with increase in temperature.
The observed simulation results can be explained in
terms of mean field theory[21, 27] described in the next
section.
V. MEAN FIELD SOLUTIONS
In the mean field (continuum) limit, the electric force
acting on the dust fluid behave like an effective ES
pressure force. It can be seen as follows: In the zero
correlation mean field limit, Qd → 0, Nd → ∞ and
QdNd = finite, therefore, the double summation can be
changed to smooth integration[40] as
∑Nd
i
∑Nd
j=1, 6=i →
ndNd
∫
Vd
dVd. In this limit ES energy becomes;
UES =
Q2d
4πǫ0
1
2
Nd∑
i
Nd∑
j=1, 6=i
exp(−κD|ri − rj |)
|ri − rj | →
ndNdQ
2
dλ
2
D
2ǫ0
.
Corresponding ES pressure can be obtained using the re-
lation PES = − (∂UES/∂Vd)Td which comes out to be
PES = Q
2
dλ
2
Dn
2
d/2ǫ0 suggesting that PES ∝ n2d. The to-
tal dust pressure is the sum of kinetic pressure (ndTd) and
ES pressure[41]. Similarly the gravitational force density,
in the mean field limit, is given by −mdnd∇ψ where ψ is
gravitational potential given by Poisson equation i.e.,
∇2ψ = 4πGρd. (10)
Therefore, equation of motion for such self-gravitating
dust fluid is given by
ρd
dud
dt
= −∇Pd − ρd∇ψ, (11)
7where ρd(= mdnd) is dust mass density, Pd is total dust
pressure (sum of kinetic pressure and ES pressure). In
static equilibrium ud = 0, therefore
∇Pd = −ρd∇ψ. (12)
Taking the divergence of Eq.(12) (after dividing by ρd)
and using Eq.(10), we get
∇ ·
(∇Pd
ρd
)
= ∇2ψ
= 4πGρd, (13)
The spherically symmetric force balance equation in the
spherical polar coordinated becomes;
1
r2
d
dr
(
r2
mdnd
dPd
dr
)
= −4πGmdnd, (14)
where we still have to provide an equation of state for Pd
to close Eq. (14).
As our purpose is to compare the simulation results
with the mean field solution, let us normalize Eq.(14) as
we did in Sec.(III) where r → r˜λD, Pd → P˜d( Q
2
d
4πǫ0λ4D
) and
nd → n˜d/λ3D. Therefore Eq. (14) becomes,
1
r˜2
d
dr˜
(
r˜2
n˜d
dP˜d
dr˜
)
= − 4πGm
2
d
Q2d/4πǫ0
n˜d
= −4πΓgn˜d. (15)
Recently, Shukla et al [41] have obtained the equation of
state for Yukawa fluid by using rigorous MD simulations.
Their expression for total dust pressure in normalized
units is given by
P˜d = n˜dT˜d + β n˜
2
d, (16)
where T˜d is dust temperature and β is a number of the
order of π. In the expression of P˜d, the first term which
scales linearly with number density, is usual kinetic pres-
sure term whereas second term which is proportional to
the square of number density, corresponds to ES pressure.
Substituting Eq.(16) in Eq.(15), we get the following dif-
ferential equation
n˜′′d+
T˜d
2β
n˜′′d
n˜d
+
2
r
n˜′d+
T˜d
2β
2
r
n˜′d
n˜d
− T˜d
2β
(n˜′d)
2
n˜2d
= −2πΓg
β
n˜d (17)
where n˜′d = dn˜d/dr˜ and n˜
′′
d = d
2n˜d/dr˜
2. As Eq.(17)
is a second order nonlinear differential equation, it re-
quires two boundary conditions (BCs) for a unique solu-
tion which are given by;
n˜d(0) = n˜d0, n˜
′
d(0) = 0. (18)
Eq.(17) along with Eq.(18) may be solved numerically to
get n˜d(r˜) for a given temperature T˜d, central density n˜d0
and Γg. The radius of the cloud (R˜) is calculated using
the relation n˜d(R˜) = 0. whereas the mass of the cloud is
obtained using the relation
Md = mdNd = 4πmd
∫ R
0
r˜2n˜d(r˜)dr˜. (19)
Before comparing the MD results with the mean field
solutions, we consider the special case of zero dust tem-
perature in which Eq.(17) admits an exact analytic solu-
tion.
Special Case: Solution for T˜d = 0
There is an interesting case in the limit T˜d = 0 when
the Eq.(17) can be solved analytically[21]. In this special
case, the gravitation force is balanced completely by ES
pressure force. In this limit Eq.(17) reduces to a linear
differential equation given by;
n˜
′′
d +
2
r
n˜
′
d = −
2πΓg
β
n˜d. (20)
The solution of above differential equation along with
BCs defined in Eq.(18), is given by
n˜d(r˜) = n˜d0
sin
(√
2πΓg
β r˜
)
(√
2πΓg
β r˜
) . (21)
As mentioned earlier the radius of the cloud is obtained
by setting n˜d(R˜) = 0, which gives
√
2πΓg
β R = π. There-
fore, radius of cloud is;
R˜ =
√
πβ
2Γg
. (22)
This should be noted that this radius is of the same or-
der as obtained by equating average gravitational field to
mean ES field discussed in Sec. I which gives the dust
Jeans length (L also provides the typical length scale of
dust dispersion) as L ∼ λD
√
1/Γg.
Relation between central density n˜d and Nd can be
obtained by integrating number density as follows
Nd =
∫ R˜
0
n˜d(r˜)4πr˜
2dr˜. (23)
Substituting the value of n˜d and R˜ from Eq.(21) and
(22) respectively in above equation gives,
n˜d0 =
1√
2π
(
Γg
β
)3/2
Nd (24)
It should also be noted here that in the limit of T˜d → 0,
the radius of the cloud R˜ is independent of the number of
particles Nd and is function of Γg only [Eq.(22)] whereas
n˜d0 is directly proportion to Nd and Γ
3/2
g [Eq.(24)].
8VI. VALIDATION OF SIMULATION WITH
MEAN FIELD SOLUTIONS
The particle approach can be tested against the fluid
approach by comparing MD results with the mean field
solutions. Let’s compare them one by one.
In Sec. [IVA] we have observed that the increase in
Nd does not affects the radius of cloud substantially but
increases the density of cloud. A similar relation is seen
in mean field solution in the limit T˜d → 0 through Eq.
(22) and Eq. (24). Therefore, we fit our MD data for
radial density profile in a trial function of the form given
in Eq. (21),
n˜(r) = n˜d0
sin(kr)
(kr)
,
where parameters n˜d0 and k are obtained by least square
fitting and are tabulated in Table. I. The fitted curves
are plotted along with simulation data in Fig. (2). It
is clear from Table. I that value of k, which in mean
field limit represents to
√
2πΓg/β, is constant under the
numerical errors and so does the the radius of the cloud.
Also, the constancy of k or
√
2πΓg/β ≈ 0.315 ± 0.006
fixes β ≈ 1.604 π. The Eq.(24) states that the central
density n˜d0 should be a linear function of Nd and the
predicted slope is 1√
2π
(
Γg
β
)3/2
which comes out to be
7.98 × 10−4 for Γg = 0.08 and β = 1.604 π. To verify
Eq.(24), we fit central density vs. number of particles
using data from Table I. The slope of n˜d0 vs. Nd line
comes out to be (7.23±0.07)×10−4 against the predicted
value of 7.98 × 10−4 thereby validating the results with
a deviation of about 10% (Fig (5(a))).
TABLE I. Equilibrium parameters for different Nd
Nd n˜d0 k R˜ = pi/k
500 0.380 ± 0.003 0.321 ± 0.003 9.78 ± 0.09
1000 0.736 ± 0.008 0.316 ± 0.003 9.94 ± 0.09
1500 1.106 ± 0.009 0.317 ± 0.003 9.91 ± 0.09
2000 1.45± 0.01 0.315 ± 0.002 9.97 ± 0.06
3000 2.14± 0.01 0.313 ± 0.002 10.03 ± 0.06
4000 2.83± 0.02 0.312 ± 0.002 10.03 ± 0.06
The fitted parameters for different values of Γg keep-
ing Nd and Td constant, are tabulated in Table II. In
the mean limit, the relation between R˜ and Γg, using
Eq.(22), reduces to R˜ = 2.813 Γ
−1/2
g while relation be-
tween n˜d0 and Γg, as predicted by Eq.(24), is given by
n˜d0 = 141.07 Γ
3/2
g (taking Nd = 4000 and β = 1.60 π).
A direct fit between Γg and R˜ using Table II gives the
relation R˜ = 2.86±0.02 Γ−1/2g while relation between n˜d0
and Γg comes out to be n˜d0 = 123± 1 Γ3/2g (Fig.(5(b))).
It should be noted that the parameters n˜d0, k shown
in Table I and Table II are obtained by fitting the ra-
dial density data in the function n˜(r) = n˜d0 sin(kr)/(kr),
which represents the mean field solution in the limit
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FIG. 5. The density at the center of cloud, n˜d0, is plotted
against number of particles, Nd in Fig.5(a). The n˜d0 vs. Nd
plot is linear in nature and is consistent with Eq.(24). The
dependence of n˜d0 and size on parameters Γg is shown in the
Fig. 5(b).
T˜d → 0. It is also noted that the simulation results at
Td = 0.1 is a good approximation for analytic solutions
at Td = 0. In Fig. (3) we plot the mean field solutions
(solid curves) for different Γg obtained by solving Eq.(17)
with T˜d = 0.10. Simulation results agree well with mean
field solutions for different Γg.
TABLE II. Equilibrium parameters for different Γg
Γg n˜d0 k R˜ = pi/k
0.04 0.965 ± 0.005 0.216 ± 0.001 14.54 ± 0.07
0.06 1.78 ± 0.01 0.265 ± 0.002 11.85 ± 0.09
0.08 2.84 ± 0.02 0.312 ± 0.002 10.04 ± 0.06
0.10 4.10 ± 0.04 0.355 ± 0.003 8.85± 0.07
0.12 5.58 ± 0.05 0.395 ± 0.004 7.95± 0.08
To compare the effect of temperature in two ap-
9proaches, we plot MD data (symbols) and the solution of
Eq.(17) (curves) for different dust temperature as shown
in Fig. (4). While plotting mean field solution, the cen-
tral density is taken from simulation results and Eq.(17)
is solved numerically. It can be seen from the plots that
the mean field field solutions are validating simulation
results.
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FIG. 6. Typical values of the Coulomb coupling parameter Γ
and the coupling parameter Γ∗ (= Γ exp(−κ)) corresponding
to radial density profile n˜d(r˜) is shown for Nd = 4000 and
Γg = 0.080.
VII. SUMMARY AND CONCLUSION
To summarize, we have examined the problem of equi-
librium of self-gravitating dusty plasmas using particle
level MD simulations. Dust grains interact with each
other via repulsive Yukawa potential and attractive grav-
itational potential. The equilibrium of the system is
characterized by three parameters, Γg(= 4πǫ0Gm
2
d/Q
2
d),
number of particles Nd and mean kinetic energy or tem-
perature T˜d and depending upon these three parameters,
different equilibrium structures are formed. The interior
of these equilibrium structures is probed using radial den-
sity function where, center of mass of the cloud is taken
as the r = 0 point. We have also formulated the problem
of equilibrium in the mean field limit where dust pres-
sure, which is the sum of kinetic pressure and ES pres-
sure, balances the self gravity. The results of mean field
limit are compared with simulation results and the two
approaches are found to be consistent with each other.
Our results predict that for the cold dust particles of
constant charge and mass, the size of equilibrium struc-
ture is independent of number of particle in the cloud (or
mass of the cloud). In fact, the addition of more number
of particles results only in increasing the number density
(or equivalently mass density) of the equilibrium cloud.
Our results also predict that the equilibrium structures
formed by the dust particles of relatively bigger size will
be shorter in size and denser in nature. This happens be-
cause the increase in the dust size results in the increase
of Γg (which is a sensitive function of dust size as, Γg ∝
r4d) and the size of the equilibrium structure, R ∝
λD/
√
Γg ∝ 1/r2d. The increase in temperature results
in increasing the radius of equilibrium cloud. The effect
of dust temperature is obvious. In our model, it is the
sum of kinetic pressure and electrostatic pressure which
balances the self-gravity and therefore, the increase in
dust temperature implies an increase in kinetic pressure
which ultimately pushes the dust grains outwards from
the cloud, thereby increasing the size of the cloud.
It should be noted that the equation of state for ES
pressure i.e. P ∝ n2d is derived with an assumption
of weak coupling [26, 41], however, it may be very ro-
bust and could be valid in the strong coupling regime.
For example, the mean field solution matches well even
near the central region of dust cloud where dust is not
weakly correlated and Γ∗ > 1 as shown in Fig. (6). Sim-
ilar quadratic scaling of dust pressure is also observed in
experiments on shock formation in a flowing 2D dusty
plasma where Saitou et al. have shown[42] that the con-
dition of shock formation is satisfied by equation of state
Pd ∝ nγd where γ ≃ 2.2. Some other examples where
quadratic scaling is found to be valid in the even in the
presence of correlations includes the simulations of Cha-
ran et al. where Pd ∝ n2d scaling is seen in the regions
where dust particles are compressed by external grav-
ity and dust is strongly coupled[43]. The simulation of
Djouder et al. for dust monolayer confined by parabolic
potential shows that the equation of state near zero dust
temperature follows the relation Pd ∝ n2∼2.165d for a wide
range of densities near the dust crystal[44].
We now briefly discuss the astrophysical significance
of our results. The observations in the infrared region
of spectrum have shown the evidences of dust overabun-
dance inside the HII regions as compared to the interstel-
lar medium[45, 46]. The length scale of these over dense
clumps is below 1 pc to several AUs (1 pc = 3 × 1016
m, 1 AU = 1.5 × 1011 m).The origin of these structures
is not known even today. We propose that the equilib-
rium structures discussed in our paper could be a pos-
sible candidate for these small scale structures observed
in the HII region and interstellar medium. In our model
the typical length scale of these structures is given by
R = λD/
√
Γg. For the parameters of HII region: plasma
density n0 = 10/ c.c. (=10
7m−3), T = 5000 K and aver-
age dust size ≈ 0.3 µm we obtain R ≈ 3× 1011 m which
is roughly of the size of finest structure of clumps of gas
and dust detected in interstellar medium [34, 35, 47].
The equilibrium structures discussed in this paper could
also be the precursor to a proto-planetary or proto-stellar
core formation. For example, if the electric fields become
weak over a period of time then these aggregates will
slowly contract and become denser to give rise to van
der Waals correlations and the formation of a more solid
body[21].
It should also be noted that while formulating the
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problem of equilibrium, dust charge is taken to be con-
stant and independent of number density while there
are enough evidences to conform that charge of dust de-
creases with number density [24, 25, 48]. As mentioned
in Sec.I the reduction of dust charge at high density can
limit the total mass supported by the ES pressure. There-
fore our study is useful to the scenarios where dust den-
sity is low and dust charge is constant. A number of
other effects like magnetic field, dust rotation etc. are
also not taken into account and will be addressed in fu-
ture communication.
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